11. THE ALEXANDER
MODULE

§11.1. Modules over the Ring of Rational

Laurent Polynomials

There’s an even better invariant for a link than the
Alexander Group — the Alexander Module. But before we
can discuss it we need to learn some more algebra. We all
know about polynomials. A polynomial, in A, is a formal
expression of the form:

apA" + an A"+ L+ agh + ao.
where the a’s are the coefficients and A is an
‘indeterminate’.
(I’11 use A rather than the traditional x.)

The coefficients can come from any field, but we’ll
restrict ourselves to the case where they are rational
numbers These rational polynomials form a ring under
the usual operations of addition and
multiplication of polynomials. A ring
Is @ mathematical structure with two
binary operations + and x satisfying a
whole bunch of axioms. You should

- know the field axioms from having
done a Ilnear algebra course. The one field axiom that
breaks down for rational polynomials is the axiom that
says that every non-zero element has an inverse under
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multiplication. The only rational polynomials that do
have multiplicative inverses in Q[A] are the non-zero
constant polynomials +1.

Now there’s no good reason why we can’t include
negative powers of A. Of course expressions such as

A2+ 20+ A3

aren’t polynomials, but we can still add and multiply them
as we do ordinary polynomials. We call them Laurent
polynomials.

A Laurent polynomial, over Q, is a formal expression of
the form:

an7\.n + an—]_}\.n_l + ...+ amkm
where the aj’s are integers and where m, n are integers,
possibly negative, with n > m. We’ll only be considering
Laurent polynomials over @ so from now on we drop the
qualifier ‘over Q’ and assume that this is always the case.

Example 1: 21, + 3 + A2 and A3 + 41 — 5)1 are Laurent
polynomials.
Their sumis (21 + 3 + 1 72) + (A3 + 41— 5071)

=23+ 60 +3 -5+
and their product is (21 + 3 + A72) (A3 + 40— 5071)
= (22* + 812 -10) + (3A3 + 124 — 15171)

+ (L + 4071 -5073).

=204 ++ 303 +8A2+ 130 - 10 —11A 15073
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The set of all rational Laurent polynomials is
denoted by Q(A). It contains the set of all rational
polynomials, namely Q[A]. (Square brackets mean
polynomials, with no negative powers. Round brackets
include negative powers of A.)

Even though we are now including negative powers
of &, Q(A) is still not a field. In fact the only Laurent
polynomials with inverses in Q(1) are the powers of A.

Now an abelian group is rather similar to a vector
space. Remember that in a vector space you can add any
two vectors and the axioms for addition are precisely
those for an abelian group. But in a vector space there’s
the operation of multiplication by a scalar, with several
axioms regulating this operation. These additional
axioms, for a vector space V over the field F, are:

aveVforallveVandaeF;
(@a+b)v=av+bvforallve Vanda, b € F;
alu+v)=au+avforallu,veVandaeF.
lv=vforallv e V.

Abelian groups don’t have scalars — at least there
was no mention of them in the definition. This is true, but
remember that we defined ng for any integer n and any
group element g. We can therefore consider the integers
as being scalars. But Z isn’t a field. That’s also true and
that’s why abelian groups aren’t vector spaces. But notice
that all four of the above vector space axioms hold in an
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abelian group if the scalars come from Z. Let’s write them
out again, this time using notation that’s more appropriate
for an abelian group G.

e nge Gforallge Gandn € Z;

e (Im+n)g=mg+ngforallg e Gandm,n e Z,

e n(g+h)=ng+nhforallg,he Gandn € Z,

e lg=gforallg e G.

What we’re going to do is to extend our ring of
scalars to include not just integers, but all rational Laurent
polynomials. And, as with our abelian groups, we’re
going to consider formal linear combinations.

So a typical formal linear combination will have the form:
ai(AM)x1 + ... + an(A)xn where the coefficients, aj(L) are
Laurent polynomials and where the x; are indeterminates.

We’ll denote the set of all such formal Ilinear
combinations of the indeterminates X, ... , Xn, over Q(A),
by Q(\)[X4, ..., Xn]. We can add such expressions together
in the obvious way, and even multiply them by a scalar
from Q(L). Moreover all the vector space axioms hold,
apart from the small detail that the ring of scalars, Q()),
isn’t a field. We call such structures Q(1)-modules.

Example 2: Suppose thata= (3 + A7) x + (4 3 +5171)y
andb=(7+31*) x+ (50 +3071) y.
Thena, b € Q(W)[X, y].
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Addition:

a+b=(10+A2+31 ) x+ (@A +5L+8A 1)y

Scalar Multiplication:

A=2rDNa=A-AHY(3+L1)x+ (L — A7) (413 + 50ty
= (3L — 2471 = A ¥)x + (404 + 5 - 4202 - 502y

Multiplication: ab is not defined since xy has no
meaning. Remember that Q(A)[x, y] is a module, not a
ring. In fact Q(A)[X, y] is much more like an abelian group
than a ring.

Just as we have abelian groups defined by means of
generators and relations so we have Q(A)-modules
defined in this way.

We use the notation [Xu, ..., Xn | R1, ..., Rn], where
each R; is a linear combination of xi, ..., X, with
coefficients coming from @Q(A), to denote the
corresponding Q(A) module. The coefficients in the
relations Rj are Laurent polynomials, but clearly we can
rewrite them as polynomials.

For example we can replace
(20 + A Hx + (= 7A° + 302y = 0 by multiplying
by A% to give (203 + A)x + (- 7t" + 3)y=0.

Example 3:

[X,y | (A2 + Dx + 203 =0, (A + 203 x + (A + 3)y = 0] is
a Q(A)-module.
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Now the theory of modules over a ring is similar to
that of vector spaces (modules over a field) or abelian
groups (modules over Z). But there are some important
differences.

e Finitely generated vector spaces are direct sums of
cyclic subspaces — in other words they have bases
and their number (the dimension) is always the
same for a given vector space. Another way of
saying this is that every finite-dimensional vector
space is isomorphic to a direct sum of cyclic
subspaces (dimension 1) and the number of direct
summands for a given vector space is constant.

e Finitely generated abelian groups are direct sums
of cyclic subgroups but the number of summands
IS not constant. For example Zs = Z, ® Zs. So the
concept of dimension doesn’t apply here.

e Finitely generated modules over a ring, even the

ring Q(A), need not even be a direct sum of cyclic
submodules.
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Finitely generated
Vector | Abelian | Modules
spaces | groups
direct sum of 1- | YES YES NO
dimensionals
have a unique | YES NO NO
dimension

Example 4: [x | (A2 + 2A + 3)x = 0] is a cyclic Q(A)-
module. It is therefore an abelian group, but as such, it is
not cyclic.
Since A2x = —2Ax — 3x we may conclude that
A3X = =202 — 3AX = —=2(=2AX — 3X) — 2)X

= —3X + 2AX.
In the same way we can express all positive powers in
terms of x and AxX.

Now 3x + 2Ax + A?x = 0 so:
X = — 2 A% — £Ax whence
A = -32x —2x and
2y —_1y 2
AX=—3X—3AX
Continuing we can express all negative powers in terms

of x and Ax. So as a vector space over Q this Q(1) module
has dimension 2, with {x, Ax} as a basis.
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§11.2. The Alexander Module of an

Oriented Knot

An oriented knot is a knot with one of the two
possible orientations specified. We can mark the
orientation by arrows.

Suppose that K is an oriented knot. Take a
projection of the link and assign a generator to each face.
(So far we are proceeding as for the Face Group.) These
are the generators for our module.

We obtain a relation at each of the crossings as
follows. View the crossing so that the orientation of the
overpass is from right to left. Then, ifa, b, cand d are the
generators corresponding to the faces surrounding the
crossing, as indicated in the following diagram, we take
the relation

A(@+b)+(c+d)=0.

a b

<

c | d

Note the direction of the arrow. Always orient the
picture (in reality or in your mind) so that the arrow goes
from East to West. Then the A goes with those faces to the
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North of the unbroken line. One of the biggest sources of
error is getting this wrong.

If A = —1 this becomes the corresponding relation
for the face group and the orientation doesn’t matter.
However, for the Alexander Module, we treat A as an
indeterminate. The resulting algebraic structure is a
module over Q(A), the ring of integer Laurent
polynomials and we call it the Face Module of the
oriented knot.

As we did with face groups we put the generators
for two adjacent faces equal to zero and introduce
generators only as required. So long as we have labels for
three out of four faces around a crossing we can express
the generator in terms of the 4" face in terms of them.
Otherwise we introduce a new generator. We call the
module the Alexander Module of the oriented knot.

Theorem 1: The Alexander module is an invariant of an
oriented knot.

Proof: To show this we simply follow the procedure
detailed in Theorem 1 of chapter 10: we show that the
Alexander Module is unchanged by each of the three
Reidemeister moves. However we have to be careful
about orientations. With the Reidemeister type Il move
there are 8 possible orientations of the three strands plus,
for each, the two possibilities that the strand that lies
entirely one side of the main crossing is above or below
the other two strands. This gives 16 cases in all.
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But without loss of generality we can assume that the
horizontal strand lies below the others (for we can turn the
knot over if it is not) and we can assume that the top-left-
bottom-right strand goes down (for we can rotate the knot
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through 180° if it goes up). This means that we only need
to consider cases 1-4. For each of these we can carry out
a similar analysis to that which we did for the Alexander
Group to show that we get an equivalent set of equations
when such a Reidemeister type 111 move is carried out.

This is very tedious so | will only do this for case 1
and leave the rest as an exercise.

The equations for the left are:
Ma+z)+b+c=0
k(a+d)+e+z=0}
Me+z)+c+f=0

Equivalently:

Az=-Aa—-b-c
x(a+d)+e+z:0}
Ma+dy=c+f
Equivalently:
z=—a-Ab-11c
ka+kd+e=a+k1b+xlc}
M@a+d)=c+f
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The middle equation can be rewritten as:
AMic+f)+e=a+r1h+Alcor
AMif+e=a+1tbor
f+le=21a+h.

For the diagram on the right we have the equations:
Ma+d)+b+2'=0
k(b+z’)+c+f=0}
Md+e)+2+f=0

Equivalently:

AMa+d)+b+2' =0
Ma+d=c+f }
'=—Ad—-2e—f

Equivalently:
ra+b=re+f
kz(a+d):c+f}
Z/=-Md-e-f

With the exception of the equations expressing z and 7’
these equations are identical. Now z and z’ will not appear
in any other equation arising from any other crossing and
so we may remove z and z' as generators from the
respective presentations, together with these equations
that express them in terms of the other generators. So the
face module does not change, up to isomorphism, as a
result of this type 111 Reidemeister move. The other cases

can be checked, as can the type | and type Il moves.
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Example 5: Find the Alexander Module

of the following oriented trefoil knot.

Solution: Using the crossing adjacent to )
the two zeros we assign the labels x and

—X to the other two faces (it doesn’t
matter which way round we do it).

We view the topmost crossing as

which gives A(0 + ?) + 0 + x = 0 and hence ? = — L Ix.

At the remaining crossing we get the relation
MO—-Xx)-A1tx+x=0.

This can be simplifiedto (A — 1 + A )x =0.
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Since A has an inverse in the ring of Laurent polynomials
we are permitted to multiply or divide by powers of A.
Here we choose to multiply by A, obtaining
(M2 —1+1)x=0.
So the Alexander Module of this oriented trefoil knot is
[X| (A2 =1+ 1)x=0].

Example 6: Find the Alexander

Module of the following oriented ()
figure 8 knot.
Solution: 0

(L+21-A2)x “—Here (L - 3+17)x = 0.
Hence (A% — 3L + 1)x = 0.
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The Alexander Module of this oriented figure 8 knot is
thus [x | (A2 — 31 + 1)x = 0Q].

Theorem 2: The Alexander modules of a knot for each of
the two orientations are isomorphic.
Proof: We omit the proof.

Hence we unambiguously define the Alexander Module
for a knot to be the Alexander Module of either
orientation.

811.3. The Alexander Polynomial of a
Knot

It can be shown that any two Q(L) modules, given
in terms of generators and relations, are isomorphic if and
only if their relation matrices are similar via an invertible
matrix over Q(A). That is, [A] = [B] if and only if A =
S~1BS for some Q(1) matrix, S, that has an inverse, S,
which is also a Q(A) matrix.

So far we’ve been lucky to end up with just one
generator and so our modules have been cyclic (with one
generator). The relation matrix in such cases is 1 x 1 and
the only possibilities for S are + A" for some integer r. If
we insist on multiplying by such a factor we can arrange
for the sole entry in the 1 x 1 relation matrix to be a
polynomial with positive leading coefficient and non-zero
constant term. This is called the Alexander Polynomial.
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But we need to define the Alexander Polynomial when
the module is not cyclic, or when we can’t make it so.

The Alexander Polynomial of a knot is the
determinant of the relation matrix. Since similar matrices
have the same determinant this is an invariant. It is
normalised so that it is a polynomial with positive leading
coefficient and non-zero constant term. This makes it
unique for a given knot.

The Alexander Polynomial plays the same role
with Alexander Modules as the Alexander Number does
to the Alexander Group. It’s a single object (polynomial
or integer) that’s a convenient invariant which can be used
in place of the algebraic structure (module or group).
However the single object is not quite as powerful an
invariant as the algebraic structure.

Putting A = -1 the Alexander Module collapses
down to the Alexander Group and, if the Alexander
Polynomial is P(L) the Alexander number is P(-1). This
IS because the relation at each crossing is

Ma+b)+c+d=0
for the module and a + b = ¢ + d for the group.

Example 7:

e )
_—
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Alexander Module:

[X,y| (A2 =1+ 1)x=0, (A2 -A+1)y=0]

M-A+1 0 }
0 M—A+1[

Alexander Polynomial: (A2 — A + 1)2,

Alexander Group: Zs; @ Zs.

Alexander Number: 9.

Alexander Matrix: [

Example 8:

Alexander Module:

[X| (B =AT+ A -+ A4 =23+ 22— A+ 1)x =0].
Alexander Matrix:

[AB— AT+ A8 — A+ A4 — A3+ 22— +1],al x 1 matrix
Alexander Polynomial:

A=A T+ A+ A A3+ A2 -+ 1,

Alexander Group: Zo.

Alexander Number: 9.

Example 9: ( >
oS
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Alexander Module: [x | (2A% — 51 + 2)x = 0].
Alexander Matrix: [2A2 — 51 + 2].
Alexander Polynomial: 202 — 5) + 2.
Alexander Group: Zo.

Alexander Number: 9.

Theorem 3: If P()) is the Alexander polynomial of a knot

then P(1) = £1.

Proof: The absolute value of P(1) is the order of the

abelian group obtained by putting A = 1 in the Alexander

Module. This is equivalent to using the relation
a+b+c+d=0

at each crossing.

Because these relations are symmetric in the generators
involved the resulting group will not change if under and
over passes are interchanged at some of the crossings. But
by suitably changing over and under passes at certain
crossings the knot can be transformed into the unknot. So
this group will be the trivial group. Hence |P(1)| = 1.

A polynomial anA" + an_; A"t + ... + a;\ + ap of degree n
Is symmetric ifan =ap, an-1 = ay, ...

Example 10: The polynomial 7% + 2A3 — 502 + 2\ + 7 is
symmetric.
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Note that the powers with the same coefficient
correspond. Don’t just look at the sequence of non-zero
coefficients.

Example 11: 7A% + 21> — 50 + 222 + 7 is not symmetric.

Theorem 4: The Alexander Polynomial of a knot has
even degree and is symmetric.

Proof: We omit the proof that the degree is even.
Changing the orientation is equivalent to replacing A by
A7t in all our calculations and hence in the Alexander
Polynomial.

Ma+b)+(c+d)=0 AHa+b)+(c+d)=0

a b a b
< >

cld cld

So if P(A) = apA" + apg A"t + ... 4+ ajh + ap is the
Alexander Polynomial of an oriented knot, the Alexander
Polynomial when the orientation is reversed is the
Laurent Polynomial P(A™), made into an ordinary
polynomial by multiplying by + A"

But the Alexander Polynomial is independent of the
orientation (we stated it but omitted the proof). Hence

P(A) = @A™+ anad D+ .+ adt + ag) A"
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= +(aA" + aA" + .+ apa + ap).

Example 12:

(A2 —A)X + A%y
Q-A)x—-Ay
(A2 =1)x + Ay

Here (A3 — A2+ 1)x + (A3 — A+ 1)y =0.
Here (A3 — A + 1)x + (A2 — L)y = 0.

The Alexander Matrix is therefore
-2+l 7&—7&1}
[M]_{ﬁ—?wl A2— A

The Alexander Polynomial is |det M|
=R -A2+1)(A2= )= (A3 = A+ 1) (A3 -1 +1)
=AM -3+ 1
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Note that this has even degree and is symmetric.

The Alexander Group (putting A =-1) is {_11 12}

22 Al e

Based on the Alexander Number alone we might wonder
whether this rather complicated knot is really just one of
the Trefoil Knots in disguise. But on examining the
Alexander Polynomial we can see that it is not one of
those.

§11.4. Finding the Alexander Polynomial
(1) Choose an orientation for the knot, marking it with
arrows.

(2) Assign zero to two adjacent faces of a knot projection
and assign a generator to each of the remaining faces.

(3) For each crossing, view it so that the orientation of the
overpass is from right to left. If a, b, c and d are the
generators corresponding to the faces surrounding the
crossing, as indicated in the following diagram, introduce
the relation:

Ma+b)+(c+d)=0. a | b
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(4) Write down the coefficient matrix for the resulting
module.

(5) Take the determinant of this matrix (as a Laurent
polynomial in ).

(6) Multiply by a suitable power of A so that it becomes
an ordinary polynomial with non-zero constant term.

(7) Multiply by -1, if necessary, so that the leading
coefficient is positive.

This is the Alexander Polynomial, P(L) of the knot. You
can check your answer by seeing that P(A) is symmetric
of even degree and P(1) = +1.

Before we finish | need to point out that the
Alexander polynomial can be derived by other, mostly
more complicated methods. Now | believe that the
polynomial obtained by the above methods is the same as
the classical Alexander Polynomial but I haven’t proved
this. All I can suggest is that it is a polynomial invariant
and it coincides with the classical Alexander Polynomial
in all the cases I’ve considered. It is conceivable, but
highly unlikely, that in some cases my Alexander
Polynomial may differ from the classical one. However if
there is a difference, my version of the Alexander
Polynomial would seem to be just as useful as the
classical one.
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There are other polynomial invariants involving 2
or more variables that are even more discriminating than
the Alexander polynomial but they are either harder to
calculate or harder to prove that they are invariants.
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EXERCISES FOR CHAPTER 11

Exercise 1: Find the Alexander Module and Alexander
Polynomial of the following knot:

Exercise 2: Find the Alexander Module and Alexander
Polynomial of the following knot.

=t
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SOLUTIONS FOR CHAPTER 11

Exercise 1:

X — AX + A2X — A3x

— AX

X — AX + A2x

AAX — x3x+x2x AX+x=0

So the Alexander Polynomial is

PL) =14 = A3+ A2 -1 +1.

Note that this is Symmetric and P(1) =1.
The Alexander Polynomial is P(-1) = 5.

Exercise 2: Here A —1+A)x=0
/ AT=-1x-Aly

(1-27)x A=A ?)x— W+ A2y
(-1+2071 =202 + A9 + (A2 =A%)y
371



At the two crossings marked with a star*we get the two
equations:

(A2 -1 +1)x=0and
(A= 4N+ 40— 1)x+ (M2 -31+ 1)y =0.
The Alexander Module is
{ AM—A+1 0 }
M —4)2+4)0 -1 AP-3n+1)"

The Alexander Polynomial is thus
A2 =A+1)(A2=3r+1)=A"—4r3+ 502 — 4L + 1.
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